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Çàäà÷à Êîëìîãîðîâà-Íèêîëüñêîãî
Çàäà÷à î íàõîæäåíèè àñèìïòîòè÷åñêèõ ïðè n → ∞ ðàâåíñòâ

äëÿ âåëè÷èí

E(N; Un(Λ)) = sup
f∈N

‖f (x)− Un(f ; x; Λ)‖X ,

ãäå N � ôèêñèðîâàííûé êëàññ ôóíêöèé, N ⊂ X, X � ëè-
íåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî, à Un(f ; x; Λ) � òðèãîíî-
ìåòðè÷åñêèé ïîëèíîì, ïîðîæäàåìûé ëèíåéíûì ìåòîäîì ñóììè-
ðîâàíèÿ ðÿäîâ Ôóðüå Un(Λ), íàçûâàåòñÿ çàäà÷åé Êîëìîãîðîâà-
Íèêîëüñêîãî.

Åñëè â ÿâíîì âèäå íàéäåíà ôóíêöèÿ ϕ(n) òàêàÿ, ÷òî

E(N; Un(Λ)) = ϕ(n) + o(ϕ(n)), n →∞,

òî çàäà÷à Êîëìîãîðîâà�Íèêîëüñêîãî ðåøåíà äëÿ êëàññà ôóíêöèé
N è ìåòîäà Un(Λ).

À.Í. Êîëìîãîðîâ, 1935 ã.

E(W r; Sn) =
4

π2

ln n

nr
+ O

( 1

nr

)
, n →∞.

Ñ.Ì. Íèêîëüñêèé, 1945 ã.

E(W rHα; Sn) =
2α+1

π2

ln n

nr+α

π
2∫

0

tα sin tdt + O
( 1

nr+α

)
, n →∞,

E(W rHω; Sn) =
2

π2

ln n

nr

π
2∫

0

ω
(2t

n

)
sin tdt + O

(
ω(

1

n
)

1

nr

)
, n →∞.

Çíà÷èòåëüíûé âêëàä â ðàçâèòèå ýòîé òåìàòèêè âíåñëè Â.Ò. Ïèí-
êåâè÷, Á. Íàäü, Â.Ê. Äçÿäûê, Í.Ï. Êîðíåé÷óê, Ñ.Á. Ñòå÷êèí,
À.Ô. Òèìàí, À.È. Ñòåïàíåö, Â.Ï. Ìîòîðíûé, À.Â. Åôèìîâ, Ñ.À. Òå-
ëÿêîâñêèé è äðóãèå.
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Êëàññè Cψ è Cψ
β

À.È. Ñòåïàíåö, 1996 ã.
Ïóñòü f ∈ L,

S[f ] =
a0(f )

2
+

∞∑

k=1

(ak(f ) cos kx + bk(f ) sin kx) =

∞∑

k=0

Ak(f ; x)

� ðÿä Ôóðüå ôóíêöèè f, ψ = (ψ1(k), ψ2(k)) � ôèêñèðîâàííûå
ñèñòåìû ÷èñåë, óäîâëåòâîðÿþùèå óñëîâèÿì

ψ
2
(k) = ψ2

1(k) + ψ2
2(k) 6= 0, k = 0, 1, ....

Åñëè ðÿä
∞∑

k=1

(
ψ1(k)

ψ
2
(k)

Ak(f ; x)− ψ2(k)

ψ
2
(k)

∼
Ak (f ; x)

)
,

ãäå ∼
Ak (f ; x) = ak(f ) sin kx− bk(f ) cos kx,

ÿâëÿåòñÿ ðÿäîì Ôóðüå ôóíêöèè ϕ ∈ L, òî ýòà ôóíêöèÿ íàçûâàå-
òñÿ ψ-ïðîèçâîäíîé ôóíêöèè f è îáîçíà÷àåòñÿ ϕ = fψ.

Ïîäìíîæåñòâî íåïðåðûâíûõ ôóíêöèé f ∈ L, êîòîðûå èìåþò
ψ-ïðîèçâîäíûå, îáîçíà÷àåòñÿ ÷åðåç Cψ. Åñëè f ∈ Cψ i, êðîìå
òîãî, fψ ∈ N, N ⊂ L, òî f ∈ CψN, â ÷àñòíîñòè

Cψ
∞ = {f ∈ Cψ : fψ ∈ S0

M}, CψHω = {f ∈ Cψ : fψ ∈ Hω},
ãäå

S0
M = {f ∈ C : ess sup

t
|f (t)| ≤ 1,

π∫

−π

f (t) dt = 0},

Hω = {f ∈ C : |f (t′)− (t′′)| ≤ ω(|t′ − t′′|), ∀ t′, t′′ ∈ R},
ω(t) � ïðîèçâîëüíûé ôèêñèðîâàííûé ìîäóëü íåïðåðûâíîñòè.
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Åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ψ(k) è ÷èñëî β ∈ R òàêèå,
÷òî

ψ1(k) = ψ(k) cos
βπ

2
, ψ2(k) = ψ(k) sin

βπ

2
,

òî êëàññû CψN ñîâïàäàþò ñ êëàññàìè Cψ
β N, êîòîðûå áûëè ââå-

äåíû À.È. Ñòåïàíöîì â 1983 ã.
Ïðè îïðåäåë¼ííîì âûáîðå ïàðàìåòðîâ Cψ

β N ïåðåõîäÿò â èçâå-
ñòíûå êëàññû Ñîáîëåâà è Âåéëÿ:
• ψ(k) = k−r, r ∈ N, β = r, Cψ

β,∞ = W r, Cψ
β Hω = W rHω,

• ψ(k) = k−r, r > 0, β = r, Cψ
β,∞ = W r

r , Cψ
β Hω = W r

r Hω,

• ψ(k) = k−r, r > 0, β ∈ R, Cψ
β,∞ = W r

β , Cψ
β Hω = W r

βHω.

Â ñëó÷àå ψ(k) = qk, q ∈ (0; 1) ýëåìåíòû ìíîæåñòâ Cψ
β N ñ òî-

÷íîñòüþ äî êîíñòàíòû ïðåäñòàâëÿþòñÿ â âèäå

f (x) =
1

π

π∫

−π

fψ
β (x + t)P q

β (t)dt,

ãäå

P q
β (t) =

∞∑

k=1

qk cos(kt +
βπ

2
), q ∈ (0; 1), β ∈ R,

� ÿäðî Ïóàññîíà. Ïðè ýòîì êëàññû Cψ
β N ñîäåðæàò ôóíêöèè f (x),

êîòîðûå ÿâëÿþòñÿ ñóæåíèÿìè íà äåéñòâèòåëüíóþ îñü ôóíêöèé
f (z) = f (x + iy), àíàëèòè÷åñêèõ â ïîëîñå

|Im z| = |y| ≤ ln
1

q

è îáîçíà÷àþòñÿ Cq
βN.

×åðåç Dq îáîçíà÷èì ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé ψ(k), k ∈
N, äëÿ êîòîðûõ èìååò ìåñòî ñîîòíîøåíèå

lim
k→∞

ψ(k + 1)

ψ(k)
= q, q ∈ (0; 1).
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Ñ.Ì. Íèêîëüñêèé, 1946 ã., Ñ.Á. Ñòå÷êèí, 1980 ã.

E(Cq
β,∞; Sn) =

8qn

π2
+ O(1)

qn

n(1− q)
,

ãäå

K(q) =

π
2∫

0

du√
1− q2 sin2 u

� ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà.

À.È. Ñòåïàíåö, 2000 ã.

E(Cq
βHω; Sn) =

4qnθω

π2
K(q)

π
2∫

0

ω
(2t

n

)
sin tdt+

+O(1)
qn

n(1− q)
ω
(1

n

)
, θω ∈ [1/2, 1].

À.È. Ñòåïàíåö, À.Ñ. Ñåðäþê, 2000 ã.

E(Cψ
β,∞; Sn) = ψ(n)

( 8

π2
K(q) + O(1)(

q

n(1− q)
+

εn

(1− q)2
)
)
,

ãäå

εn = sup
k≥n

∣∣ψ(k + 1)

ψ(k)
− q

∣∣, q = lim
k→∞

ψ(k + 1)

ψ(k)
, q ∈ (0; 1).



6

Êëàññû C2ψ
∞ è C2ψ

β,∞
À.È. Ñòåïàíåö, Í.Ë. Ïà÷óëèà, 1991 ã.
Ïóñòü R2 � åâêëèäîâî ïðîñòðàíñòâî ñ åëåìåíòàìè ~x = (x1, x2),

T 2 = [−π; π]× [−π; π],

N 2 = {~x ∈ R2 | xi ∈ N, i = 1, 2},
N 2
∗ = {~x ∈ R2 | xi ∈ N∗ = N ∪ {0}, i = 1, 2},
N 2

i = {~x ∈ R2 | xi ∈ N, xj ∈ N∗, i 6= j},
E2 = {~x ∈ R2 | xi ∈ {0; 1}, i = 1, 2, }.

×åðåç L(T 2) îáîçíà÷èì ìíîæåñòâî 2π-ïåðèîäè÷åñêèõ ïî êà-
æäîé ïåðåìåííîé ñóììèðóåìûõ íà T 2 ôóíêöèé f (~x) = f (x1, x2).

Ïóñòü f ∈ L(T 2). Êàæäîé ïàðå òî÷åê ~s ∈ E2, ~k ∈ N 2
∗ ïîñòàâèì

â ñîîòâåòñòâèå êîýôôèöèåíò Ôóðüå ôóíêöèè f (~x)

a~s
~k
(f ) =

1

π2

∫

T 2

f (x1, x2) cos
(
k1x1 − s1π

2

)
cos

(
k2x2 − s2π

2

)
dx1dx2.

Êàæäîìó âåêòîðó ~k ∈ N 2
∗ ïîñòàâèì â ñîîòâåòñòâèå âåëè÷èíó

A~k(f ; ~x) =
∑

~s∈E2

a~s
~k
(f ) cos

(
k1x1 − s1π

2

)
cos

(
k2x2 − s2π

2

)

è âåëè÷èíû

A~e1
~k

(f ; ~x) =
∑

~s∈E2

a~s
~k
(f ) cos

(
k1x1 − (s1 + 1)

π

2

)
cos

(
k2x2 − s2π

2

)
,

A~e2
~k

(f ; ~x) =
∑

~s∈E2

a~s
~k
(f ) cos

(
k1x1 − s1π

2

)
cos

(
k2x2 − (s2 + 1)

π

2

)
.

Ðÿä Ôóðüå ôóíêöèè f (~x) îïðåäåëèì ñîîòíîøåíèåì

S[f ] =
∑

~k∈N2∗

2−q(~k)A~k(f ; ~x),

ãäå q(~k) � êîëè÷åñòâî íóëåâûõ êîîðäèíàò âåêòîðà ~k.
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Ïóñòü f ∈ L(T 2) è ψij(k), Ψij(k), i = 1, 2, j = 1, 2, � ôèêñèðî-
âàííûå íàáîðû ñèñòåì ÷èñåë, k ∈ N∗. Îáîçíà÷èì

ψi(k) =
√

ψ2
i1(k) + ψ2

i2(k), Ψi(k) =
√

Ψ2
i1(k) + Ψ2

i2(k).

Ïóñòü ðÿä
∑

~k∈N2
i

1

2q(~k)ψ
2

i (ki)
[ψi1(ki)A~k(f ; ~x)− ψi2(ki)A

~ei
~k

(f ; ~x)]

ÿâëÿåòñÿ ðÿäîì Ôóðüå íåêîòîðîé ôóíêöèè èç L(T 2). Îáîçíà÷èì
åå ñèìâîëîì fψi(~x) = ∂ψif(~x)

∂xi
è íàçîâåì ψi-ïðîèçâîäíîé ôóíêöèè

f (~x) ïî ïåðåìåííîé xi, i = 1, 2. Ñìåøàííîé Ψ-ïðîèçâîäíîé ïî
ïåðåìåííûì xi, i = 1, 2, ïî àíàëîãèè ñ îïðåäåëåíèåì îáûêíîâåí-
íîé ñìåøàííîé ÷àñòíîé ïðîèçâîäíîé, áóäåì íàçûâàòü ôóíêöèþ
fΨ(~x) = ∂Ψ2

∂x2

(∂Ψ1f(~x)
∂x1

)
.

Äëÿ çàäàííîãî íàáîðà ôóíêöèé ψij, Ψij, i = 1, 2, j = 1, 2, ñèìâî-
ëîì C2ψ

∞ îáîçíà÷àþò ìíîæåñòâî íåïðåðûâíûõ ôóíêöèé
f ∈ L(T 2), èìåþùèõ ïî÷òè âåçäå îãðàíè÷åííûå â ñìûñëå ïëî-
ñêîé ìåðû Ψ- è ψi-ïðîèçâîäíûå

ess sup |fΨ(~x)| ≤ 1, ess sup |fψi(~x)| ≤ 1, i = 1; 2, ~x ∈ T 2.

Åñëè äëÿ íàáîðîâ ôóíêöèé ψij(k) è Ψij(k), i = 1, 2, j = 1, 2,

îïðåäåëÿþùèõ êëàññ C2ψ
∞ , ñóùåñòâóþò ôóíêöèè ψi(k), Ψi(k) è

÷èñëà βi, β∗i ∈ R, i = 1, 2, òàêèå, ÷òî

ψi1(k) = ψi(k) cos
βiπ

2
, ψi2(k) = ψi(k) sin

βiπ

2
,

Ψi1(k) = Ψi(k) cos
β∗i π
2

, Ψi2(k) = Ψi(k) sin
β∗i π
2

,

òî C2ψ
∞ ÿâëÿåòñÿ êëàññîì (ψ, β)-äèôôåðåíöèðóåìûõ ôóíêöèé è

îáîçíà÷àåòñÿ C2ψ
β,∞.
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À.È. Ñòåïàíåö, 1973 ã.

E(W r,s
r1,s1

; S~n) = sup
f∈W

r,s
r1,s1

||f (x1; x2)− Sn1,n2(f ; x1; x2)||C =

=
4 ln n1

π2nr1
1

+
4 ln n2

π2ns1
2

+ O(1)
(ln n1 ln n2

nr
1n

s
2

+
1

nr1
1

+
1

ns1
2

)
.

Ï.Â. Çàäåðåé, 1987 ã.

E
(
C2ψ

β Hω; Sn

)
= sup

f∈C
2ψ
β Hω

||f (x)− Sn(f ; x)||C ≤

≤ 4

π4
ψ(n) ln+ n1π

a1(n1)
ln+ n2π

a2(n2)
cn(ω) +

2

π2
ψ1(n1) ln+ n1π

a1(n1)
cn1(ω3)+

+
2

π2
ψ2(n2) ln+ n2π

a2(n2)
cn2(ω4) + O(αn(a, ψ, ω)),

ãäå

αn(a, ψ, ω) = min
{

ω1

(
1

n1

)
, ω2

(
1

n2

)}(
ψ1(n1)b

ψ2
n2

(a2) ln+ n1π

a1(n1)
+

+bψ1
n1

(a1)ψ2(n2) ln+ n2π

a2(n2)
+ bψ1

n1
(a1)b

ψ2
n2

(a2)
)

+ bψ1
n1

(a1)ω3

( 1

n1

)
+

+bψ2
n2

(a2)ω4

( 1

n2

)
.

Â.È. Ðóêàñîâ, Î.À. Íîâèêîâ, Â.È. Áîäðàÿ, 2004 ã.

E(C2q
β,∞; S~n) =

8qn1
1

π2
K(q1) +

8qn2
2

π2
K(q2)+

+O(1)
(qn1

1

n1
+

qn2
2

n2
+ Qn1

1 Qn2
2

)
.
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Èññëåäîâàíû àïðîêñèìàòèâíûå ñâîéñòâà ïðÿìîóãîëüíûõ ñóìì
Ôóðüå

S~n(f ; ~x) = Sn1,n2(f ; ~x) =

n1−1∑

k1=0

n2−1∑

k2=0

2−q(~k)A~k(f ; ~x)

íà êëàññàõ ïåðèîäè÷åñêèõ ôóíêöèé âûñîêîé ãëàäêîñòè C2ψ
β,∞. Ïî-

ëó÷åíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü ψi(x) ∈ Dqi
, Ψi(x) ∈ DQi

, qi, Qi ∈ (0; 1), βi,

β∗i ∈ R, i = 1, 2. Òîãäà ïðè ni →∞ èìååò ìåñòî àñèìïòîòè÷å-
ñêàÿ ôîðìóëà

E(C2ψ
β,∞; S~n) = sup

f∈C
2ψ
β,∞

||f (~x)− S~n(f ; ~x)||C =
8

π2

∑
i=1,2

ψi(ni)K(qi)+

+O(1)
[ ∑

i=1,2

ψi(ni)qi

(1− qi)ni
+

∑
i=1,2

ψi(ni)εni
(ψi)

(1− qi)2
+

+
∏
i=1,2

Ψi(ni)

1−Qi

(
1 +

εn1(Ψ1)

1−Q1
+

εn2(Ψ2)

1−Q2
+

εn1(Ψ1)εn2(Ψ2)

(1−Q1)(1−Q2)

)]
,

ãäå O(1) � âåëè÷èíà, ðàâíîìåðíî îãðàíè÷åííàÿ îòíîñèòåëüíî ni,
qi, Qi, βi, β∗i ,

K(q) =

π/2∫

0

dt√
1− q2 sin2 t

,

� ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà,

εm(ψ) = sup
k≥m

∣∣ψ(k + 1)

ψ(k)
− q

∣∣, q = lim
k→∞

ψ(k + 1)

ψ(k)
.


